Introduction
The main result of this paper is a convexity theorem for momentum mappings J : M → g * of certain hamiltonian actions of noncompact semisimple Lie groups. The image of J is required to fall within a certain open subset D of g * which corresponds roughly via the orbit method to the discrete series of representations of the group G. In addition, J is required to be proper as a map from M to D.
A related but quite different convexity theorem for noncompact groups may be found in [16] .
Our result is a first attempt toward placing momentum convexity theorems in a Poisson-geometric setting. A momentum mapping is a Poisson mapping 1 to the dual of a Lie algebra, but it takes more than the Poisson structure on the target manifold even to formulate a convexity theorem. As we explained last year's Conference Moshe Flato Proceedings [20] , it seems that a proper symplectic groupoid is the right extra structure to put on the 2 The proper part of the (co)adjoint action Let G be a noncompact, semisimple reductive Lie group, K a fixed maximal compact subgroup. Our main goal will be to relate the coadjoint representations of G and K.
The Killing form of g leads to the orthogonal (Cartan) decomposition g = k ⊕ s, with the Killing form negative definite on k and positive definite on s. This form and its restriction to k (which is not in general the same as the Killing form of k) give equivariant identifications of the Lie algebras of G and K with their duals. For the rest of this section, we will work in the Lie algebras themselves. In Section 2.5 we will pass to the duals and consider their Poisson structures.
Stable and strongly stable elements of the Lie algebra
For µ ∈ g, its adjoint isotropy group G µ is also the centralizer of the closure T µ of the 1-parameter subgroup generated by µ. We shall say that µ is stable if T µ is compact (in which case it is a torus) and strongly stable if G µ is compact. (The origin of this terminology is explained in Remark 2.5 below.) We denote the set of all strongly stable elements of g by D.
Since every compact subgroup of G is conjugate to a subgroup of K ( [10] , Thm.2.1, Ch. VI), and since µ is in the Lie algebra of T µ , the adjoint orbit of every stable µ intersects k. Since elements of k are obviously stable, we conclude that the set of stable elements of g is equal to the saturation Ad G k of k by the adjoint action of G, and that D is a subset thereof. In fact
The following proposition characterizes the elements of E and will lead to a description of D.
Proposition 2.1 For µ ∈ k, the following conditions are equivalent:
(
the endomorphism µ s of s given by the infinitesimal adjoint representation is a nonsingular map; (4) the vector field µ S on the symmetric space S = G/K given by the infinitesimal action of µ has a nondegenerate zero at the coset eK;
(5) eK is the only zero point of µ S .
Proof.
(1) ⇒ (2): The 1-parameter subgroup generated by a nonzero element µ of s goes to infinity in G, so it cannot be contained in a compact subgroup. Thus µ is unstable and hence cannot belong to E. The tangent space to G/K at eK is isomorphic to g/k. The linearization of µ S at eK is the adjoint action of µ on g/k, which is equivalent to its action on s.
(4) ⇔ (5): The exponential map gives a K-equivariant diffeomorphism from s to S ( [10] , Thm. 1.1, Ch. VI), so the vector field µ S is equivalent to its linearization at eK.
(5) ⇒ (1) Any element of G µ leaves the zero set of µ S invariant. If this zero set reduces to the single point eK, then G µ must be contained in the isotropy group K and is therefore compact. Proof. The statement follows immediately from (3) or (4) in the proposition above.
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We can now characterize the strongly stable elements of g in several ways.
Proposition 2.3
For µ ∈ g, the following conditions are equivalent. 2 (1) µ ∈ D; (4) the vector field µ S on the symmetric space S = G/K given by the infinitesimal action of µ has a nondegenerate zero at some point; (5) the vector field µ S is zero at exactly one point of S; (6) µ belongs to the Lie algebra of exactly one maximal compact subgroup of G; (7) µ is an interior point of the set Ad G k of stable elements.
The action of g on S gives an equivalence between the vector fields (Ad g µ) S and µ S . By (4) of Proposition 2.3, (Ad g µ) S has a nondegenerate zero at a point of S, hence so does µ S . Conversely, if µ S has a zero at some point, then Ad g µ ∈ E for some g ∈ G. If the zero of (Ad g µ) S is nondegenerate, so is that of µ S , in which case Ad g µ ∈ E, and hence µ ∈ D.
(1) ⇔ (5): The argument is just like the one which showed that (1) ⇔ (4). Or one can show that (4) ⇔ (5) by using the riemannian exponential map at the zero point.
(5) ⇔ (6): The maximal compact subgroups are the isotropy groups of the points of S.
(1) ⇔ (7): By Corollary 2.4 below, D is open in g. Since D ⊂ Ad G k, all points of D are interior points of Ad G k. Conversely, suppose that µ is an interior point of Ad G k. Then we have some ν = Ad g µ ∈ k, and we need to show that ν, which is also an interior point of Ad G k, belongs to E. If it did not, there would be a nonzero w ∈ s with [ν, w] = 0. But then, for all real t, ν + tw would be unstable, and hence ν could not be an interior point of Ad G k. Proof. The statement follows immediately from (4) in the proposition above, since the property of having a nondegenerate zero point is stable under small perturbations.
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Remark 2.5 Part (7) of Proposition 2.3 says that a stable element of g is strongly stable if and only it remains stable under small perturbations. This property justifies the term "strongly stable"-the term was originally used in the case where G is a symplectic group and K a unitary group, elements of g then being linear autonomous hamiltonian dynamical systems. See Section 2.3 below for further discussion of this example, with some references.
We may now identify those groups for which D is nonempty. Since every strongly stable element is stable, it is semisimple, and since D is open, it contains regular semisimple elements. The stabilizer of such an element is a compact Cartan subgroup of G ([10] Thm. 3.1, Ch. III).
Conversely, if G has a compact Cartan subgroup T , the stabilizer of any regular element of t is equal to T , hence compact, so this element belongs to D. Thus we have shown:
Proposition 2.6 The set D ⊂ g of strongly stable elements is nonempty if and only if G contains a compact Cartan subgroup, i.e. if and only if G has the same rank as its maximal compact subgroup K.
Remark 2.7 We note that the condition rank K = rank G is precisely the condition for G to admit discrete series representations [9] i.e. irreducible subrepresentations of its left regular representation. In fact, the discrete series representations correspond via character theory or the orbit method to certain orbits in D. (See Remark 2.9 below.)
Characterization in terms of roots
To give a more concrete description of the elements of E, and hence those of D, we choose a maximal torus T ⊂ K (which is also a Cartan subgroup of G). Since Ad K t is all of k, we have E = Ad K F, where
To identify the elements of F, we recall that the adjoint action of T on k leaves invariant the splitting k⊕s, so that each root in t * can be designated as either "compact" or "noncompact" according to whether the corresponding eigenvector lies in k or s. Then the following characterization of F follows immediately from (3) of Proposition 2.1.
Proposition 2.8 D = Ad G F, where F ⊂ t is the complement of the zerohyperplanes of the noncompact roots. In particular, F is dense in t and is the disjoint union of finitely many convex open subsets.
Remark 2.9 According to Harish-Chandra [9] , the discrete series representations are parametrized by the subset of D consisting of those (integral) orbits whose intersection with t lies in the complement of the zero-hyperplanes of all the roots. The remaining integral orbits in D correspond to "limits of discrete series representations."
The density of F in t implies that the stable and strongly stable elements of g have the same closure, i.e.:
The example of SL(2, R) already shows that Ad G k itself is not closed-its closure includes the nilpotent cone.
Example: the symplectic group
Among the groups having the same rank as their maximal compact subgroups are the indefinite unitary groups U (m, n), the indefinite orthogonal groups SO(m, n) for which m and n are not both odd, and the (real) symplectic groups Sp(2n). In this section, we will concentrate on the last example and will study the strongly stable elements of sp(2n).
We use canonical coordinates (q j , p j ) for the symplectic structure ω = dq j ∧ dp j on R 2n . We also identify R 2n with C n by using the complex coordinates z j = q j + ip j . The maximal compact subgroup of G = Sp(2n) is the unitary group K = U (n); the Cartan subgroup T = T n consists of the diagonal unitary matrices. The symmetric space S = Sp(2n)/U (n) may be identified with the set of positive polarizations on R 2n , i.e. the almost complex structures J on R 2n for which the bilinear form ω(x, Jy) is symmetric and positive-definite.
We identify elements of sp(2n) with linear hamiltonian vector fields and, in turn, with the quadratic hamiltonian functions which generate them.
The equivalence of (5) and (7) in Proposition 2.3 tells us that a linear hamiltonian system is stable and remains so under small perturbations if and only if it is "uniquely unitarizable," i.e. if an only if it leaves invariant a unique compatible complex structure. This type of result plays a basic role in I. Segal's approach to quantum field theory. For instance, in [18] , Segal proves in the infinite dimensional case that a stable linear symplectic map T is "uniquely unitarizable" if and only if T and T −1 have disjoint spectra.
We can also use Proposition 2.8 to characterize strongly stable quadratic hamiltonians. The compact Cartan subalgebra consists of hamiltonians of the form
where the λ j are arbitrary real numbers whose absolute values are the frequencies of the normal modes of oscillation for the linear hamiltonian system. The compact roots are the differences λ j − λ k for all pairs j < k, while the noncompact roots are the sums λ j + λ k for j ≤ k. The strong stability condition -nonvanishing of the noncompact roots -means that all the normal mode frequencies are nonzero, and that, whenever there is a simple resonance |λ j | = |λ k |, the signs of λ j and λ k are the same. This criterion for strong stability is well known in the theory of hamiltonian systems. 3 Note that all positive-definite and negative-definite hamiltonians are strongly stable-these form two of the connected components of D.
Bundle structure; properness of the action
We still owe the reader a proof of the property which originally motivated our definition of D, namely the properness of the adjoint action. The proof will be based on the following description of D.
Proposition 2.11 D is G-equivariantly isomorphic to the associated bundle (G × E)/K, which is an open subbundle of the homogeneous vector bundle
Proof. By (4) and (5) of Proposition 2.3, for each µ ∈ D the vector field µ S has a unique zero φ(µ) in S = G/K, and this zero is nondegenerate. It follows from the implicit function theorem that φ is a smooth mapping from D to G/K. Since the map µ → µ S is G-equivariant, so is φ. The fibre of φ over eK consists of those µ ∈ D which generate 1-parameter subgroups fixing eK, i.e. φ −1 (eK) = D ∩ k = E. The statement of the proposition follows. Concretely, we map G × E to D by (g, ν) → Ad g ν and observe that the fibres of this map are the K-orbits.
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We will use the following simple lemma about proper actions. Proof. By the definition of properness, the action map α Y : (g, y) → (gy, y) from G × Y to Y × Y is proper. To check that the corresponding map α X for the action on X is proper, we let K be an arbitrary compact subset of X × X. Equivariance implies that (Id × φ)(α
Since K is compact and φ is continuous, (φ × φ)(K) is compact; by the
X (K). On the other hand, applying the second projection from K ⊆ X × X into X, which is unaffected by α X , we find that α
Proof. The result follows from Lemma 2.12 and Proposition 2.11 once we observe that the action map G × G/K → G/K × G/K is a locally trivial fibration with compact fibres (essentially the isotropy groups of the action). 
Poisson geometry of D
We will now relate the Poisson geometry of D ⊂ g * to that of E ⊂ k * by constructing a Morita equivalence, or dual pair, relating them. The construction is based on the slice method of [6] , where an analogous relation is established between an open subset of k * (the regular elements) and the interior of the positive Weyl chamber in t * .
The Killing form of g gives equivariant identifications of g * with g and of k * with k and the annihilator of s in g * . This allows us to consider E and D as open Poisson submanifolds of g * and k * respectively.
We will call a submanifold N of a Poisson manifold P cosymplectic if the restriction of the Poisson tensor to each conormal space of P is nondegenerate. Equivalently, if P is defined locally by the vanishing of independent functions f 1 , . . . f k , P is cosymplectic if the matrix of Poisson brackets a ij = {f i , f j } is nondegenerate along P . (In the language of Dirac [4] , the f i are second-class constraints.) Another characterization is that N is cosymplectic if it is transversal to each symplectic leaf of P , and if its intersection with each such leaf is a symplectic submanifold of the leaf. In particular, the cosymplectic submanifolds of a symplectic manifold are just the symplectic submanifolds.
Lemma 2.14 Let N be a cosymplectic submanifold of the Poisson manifold P , and let φ : Q → P be a Poisson map. Then φ is transverse to N , and φ −1 (N ) is a cosymplectic submanifold of Q.
Proof. Let φ(x) ∈ N for some x ∈ Q, and let (f 1 , . . . , f k ) be independent functions defining N near φ(x). Then the functions (φ * f 1 , . . . , φ * f k ) define φ −1 (N ) near x. The matrix of Poisson brackets
is nondegenerate. It follows, first of all, that the functions (φ * f 1 , . . . , φ * f k ) are independent near x, so that φ is transverse to N . It then follows that φ −1 (N ) is cosymplectic.
Proposition 2.15
The subset E ⊂ k * of strongly stable points is the set of points at which k * is cosymplectic in g * . Hence E is a cosymplectic submanifold of D.
Proof. The conormal space to k * ⊂ g * at µ may be identified with s ⊂ g, on which the Poisson tensor is the bilinear form (v, w) → µ, [v, w] , where , is the Killing form. By invariance of the Killing form, this can also be written as < [µ, v], w >, so the Poisson tensor is nondegenerate exactly when the action of µ on s is nonsingular. Now apply (3) of Proposition 2.1.
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We shall identify the symplectic manifold T * G with G × g * by right translations. Then we have:
The Proof. The momentum map for the cotangent lift of the action of G on itself by right translations is the negative of the left translation map. In our right trivialization, this appears as ψ : (g, µ) → −Ad g µ. It follows from Lemma 2.14 and Proposition 2.15 that M is a symplectic submanifold of T * G. In general, the momentum map for the restriction of a hamiltonian action to an invariant symplectic submanifold is the restriction of the original momentum map, since the momentum map for the right action of G on M is the negative of the projection, hence ψ : (g, µ) → −Ad g µ is a Poisson map from M to g. It is a submersion because the action of G on M is free, and its image is
Invariance of M under left translations by K follows from the Ad Kinvariance of E. The momentum map for the left action of K on T * G = G × g * is given by right translation, which is just the projection. Again, it is a submersion because the action of K is free.
To see that the pair of maps g ← M → k form a symplectic dual pair, we note that they are the momentum maps of commuting free actions of groups whose dimensions add up to that of M . This insures that the maps are submersions whose fibres have symplectically orthogonal tangent spaces.
Remark 2.17 Assuming that that G (and hence K) is connected, the dual pair of Proposition 2.15 has connected fibres. By Proposition 9.2 of [2] , this gives a bijection between the symplectic leaves of D and E. Here, this bijection is simply given by intersecting the leaves with k.
An important property of dual pairs of group actions is that the orbit space of one action is Poisson-isomorphic to the image of the momentum map of the other. Using this fact one way gives the uninteresting isomorphism between (G × E)/G and E. But in the other direction we obtain an isomorphism between (G × E/K) and D. This is a symplectic version of the description of D as an E bundle over G/K given in 2.11. We refer to [21, 22] for further discussion of dual pairs and Morita equivalence.
Actions and convexity
We will begin this section by defining properness of momentum maps relative to open subsets of the dual of a Lie algebra. After recalling the known convexity theorems for compact group actions, we will prove the central theorem of this paper, a convexity theorem for certain actions of noncompact groups.
Proper hamiltonian spaces
Let G be a Lie group, and let U ⊆ g * be a coadjoint-invariant open subset. We define a hamiltonian (G, U)-space (M, J) to be a symplectic manifold M with a symplectic G-action and a coadjoint-equivariant momentum map J : M → U ⊆ g * . We shall consider J as a map to U rather than to g * and will call the (G, U) space proper if J is a proper mapping and if the action of G on M is proper. By Lemma 2.12, the second condition follows from the first if the coadjoint action of G on U is proper, e.g. when G is semisimple and U consists of strongly stable elements.
The compact case
The first convexity theorem applies to torus actions. Theorem 3.1 was originally proved by Guillemin and Sternberg [6] and Atiyah [1] in the case where M is compact and U is all of t * . Extensions to noncompact M were given by Prato [17] and, using methods of Condevaux, Dazord, and Molino [3] , by Hilgert, Neeb, and Plank [11] .
An extension of the convexity theorem to actions of nonabelian compact groups on compact manifolds was conjectured and partially proved by Guillemin and Sternberg [8] . The proof was completed by Kirwan [12] . The result was extended to proper actions in [11] , and the "relative" version, where the momentum map is proper as a map into an open subset containing its image, was obtained by Lerman, Meinrenken, Tolman, and Woodward [14] .
In the statement of the following theorem, we have identified the Lie algebras with their duals by using a bi-invariant metric on the group. 
The noncompact case
We will now state and prove the main result of this paper. 
+ is a closed, convex, locally polyhedral subset of t * + ∩ U, and
Proof. Just as the convexity theorem for nonabelian compact K is proved by reduction to the abelian case, our theorem for noncompact G will be proved by reduction to the compact case. To this end, we let
by Lemma 2.14, J is transverse to U ∩ E, and N is a cosymplectic submanifold of M . Thus, N is a symplectic manifold, and, since J is equivariant, N is K-invariant. By basic facts about the behavior of momentum maps under restriction (to subgroups and submanifolds), J| N : N → U ∩ E is an equivariant momentum map for the action of K on N , making N into a hamiltonian (K, U ∩ E)-space. The properness of J implies immediately that J| N is proper as well.
To apply Theorem 3.2 to this K-space, we just need to know that N is connected. To prove this, we compose J with the equivariant map φ : D → G/K of Proposition 2.11. Since E = φ −1 (eK), φ • J makes M into a bundle over G/K with typical fibre J −1 (E) = N . Now G/K is contractible, hence simply connected, and M is connected, so N must be connected as well. It follows from Theorem 3.2 that J| N (N ) ∩ t * + is a closed, convex, locally polyhedral subset of t * + ∩ (U ∩ E) = t * + ∩ E, and that J| −1 N (µ) is connected for each µ ∈ U ∩ E. But J| N (N ) ∩ t * + is equal to J(M ) ∩ t * + : also, for any ν in the invariant subset U ⊆ D ⊂ Ad G E, so ν = gµ for some µ in U ∩ E, so J −1 (ν) = gJ −1 (µ) is connected. This completes the proof of the theorem. 
is a closed, convex, locally polyhedral set.
Proof. We follow a standard approach, used already to study the spectrum of sums of hermitian matrices with prescribed eigenvalues. Let O λ and O µ be the (co)adjoint orbits of n j=1 λ j 2 (q 2 j + p 2 j ) and n j=1 µ j 2 (q 2 j + p 2 j ) respectively. Theorem 4.1 will follow from Theorem 3.3 once we have proven that the addition operation (H 1 , H 2 ) → H 1 × H 2 is a proper map from O λ × Oµ to D.
Suppose, then, that {H 1,i } and {H 2,i } are sequences in O λ and O µ respectively such that H 1.i + H 2,i converges to an element H of D. We must show that {(H 1,i , H 2,i )} has a convergent subsequence.
We will use the "diagonal" projection π from sp(2n) to its Cartan subalgebra R n , which selects the coefficients of the terms 1 2 (q 2 j +p 2 j ) in a quadratic hamiltonian, ignoring the coefficients of 1 2 (q 2 j −p 2 j ) and all "cross terms". The map π is the momentum map for the action of the Cartan subgroup and, according to Proposition 2.2 in [17] , its restriction to any coadjoint orbit of positive-definite hamiltonians is proper.
By applying a preliminary transformation in Sp(2n), we may assume that H is in the normal form n j=1 ν j 2 (q 2 j + p 2 j ). Since π is linear and takes positive definite matrices to positive n-tuples, the sequences {π(H 1,i )} and {π(H 2,i )} are bounded and, hence, after we pass to subsequences, may be assumed convergent. But now the properness of π on the coadjoint orbits implies that {(H 1,i , H 2,i )} has a convergent subsequence, and the theorem is proven.
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We close this section on a speculative note. Is there a version of this convexity theorem for nonlinear symplectic transformations? To formulate the question more precisely, we note that the fundamental frequencies λ i of a quadratic hamiltonian can be interpreted as the values of the ratio ρ = 2π energy action for the simple periodic trajectories of the hamiltonian dynamical system. We may ask, then, about the possible values of ρ for periodic orbits for n j=1 λ j 2 (q 2 j + p 2 j ) • φ 1 + n j=1 µ j 2 (q 2 j + p 2 j ) • φ 2 , where φ 1 and φ 2 are homogeneous, but not necessarily linear, symplectic diffeomorphisms of R 2n \{0}.
